PREFACE

The Four Students: A Math Methods Parable

The professor has just nished a rst-semester le ture on de nite integrals, possibly unaware that
four different types of students are pro essing the information quite differently. The lass omprises
aspiring physi ists, aspiring engineers, aspiring mathemati ians, and bad students.
∙ The aspiring physi ists are thinking, Why does subtra ting an antiderivative over here from

an antiderivative over there give you the area under this urve?

∙ The aspiring engineers are thinking, Of what possible pra ti al value is nding the area under

a urve?

∙ The aspiring mathemati ians are thinking, How an you laim to have found anything when

you haven't rigorously de ned `area under a urve' in the rst pla e?

∙ The bad students are thinking, Just tell me how to do the problems and get the answer you

want on the test.

This book is written for aspiring physi ists and engineers. For ea h topi , we hope to learly
answer the questions Why does this mathemati al te hnique work? and How is this used to solve
pra ti al problems? We will fall short of the expe tations of true mathemati ians, and we hope to
ontinually frustrate the bad students.
Exer ises

In almost every se tion of our book you will nd an Exer ise and a set of Problems. What's the
differen e?
The simple answer is that the Problems are, for the most part, independent of ea h other. You
reate an assignment that says Do Se tion 18.3 Problems 2, 5, 9, 12, and 20. By ontrast, an
Exer ise is an atomi blo k. You an assign a parti ular exer ise, or you an skip that exer ise, but
you an't assign Question 5 from the exer ise be ause it only makes sense in ontext.
More importantly, the two serve different purposes. Problems are meant to follow a
le ture, building and testing the students' skills and understanding of the topi s you have
dis ussed in lass. Exer ises are designed to fa ilitate a tive learning.
There are two types of exer ises.
Motivating Exer ises ome at the beginning of ea h hapter. Their purpose is not to tea h math,
but to give a pra ti al example of why the student needs the te hniques in this hapter.
Dis overy Exer ises ome at the beginning of (almost) every se tion. Their purpose is to step the
student through a mathemati al pro ess, su h as solving a differential equation or nding a Taylor
series. Instead of just being told how to do it, the students do it for themselves.
Some frequently asked questions:
No. If you are un omfortable with the pro ess, you may
want to try only one or two. We hope you will nd them easy to use and valuable, and over
time you will use them more, but you will probably never use them all.
∙ At home or in lass? Alone or in groups? Mix it up. See what works for you. We sometimes
assign them as homework due on the day we are going to over the material, and sometimes
∙

Do I need to assign all the exer ises?
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as an in- lass exer ise to begin the le ture. You an have students do them individually or in
groups, or a mix of the two. One professor we spoke to starts them in lass, and then has her
students nish them at homean approa h we never even thought of. You will probably keep
your students' interest better if you vary your approa h.
∙ How long do they take? Some are ve minutes or less; some are twenty minutes or even more.
Very few of them should take the students more than half an hour.
∙ That was all pretty non ommittal. Do you have any solid advi e at all? A tually, we do. First,
we hope you will use at least some of the exer ises, be ause we believe they ontribute a
valuable part of the learning pro ess. Se ond, exer ises should almost always be used before
you introdu e a parti ular topi not as a follow-up. You an start your le ture by taking
questions and nding out where the students got stu k.
Problems

There are problems at the end of every se tion, and there are also additional problems at
the end of every hapter. The additional problems give us an opportunity to ask questions
where the students don't know exa tly what's being overed. (When you look at a partial
differential equation in additional problems you have to ask yourself: separation of variables?
Method of transforms? What's the right approa h here?)
We have resisted lassifying the problems further, but you will nd a general pattern something
like this.
∙ A walk-through steps the students arefully through the pro ess we want them to learn. We

advise you to generally assign these problems.
omes a bat h of straightforward, unmotivated al ulation problems.
Evaluate the following triple integrals in spheri al oordinates. They will generally
move from easier to harder.
∙ Then ome word problems. Some of these are pra ti al appli ations; some ll in details that
were left out of the explanation; some are just ool ideas that o urred to us while we were
brainstorming over Bailey's Irish Cream.
∙ Finally, in some ases, there are Explorations. These are harder, more involved, and often
longer problems that may stret h beyond the presented material.
∙ Next often

Problems without a omputer i on (whi h are most of them) an be done entirely by hand, and
should generally require no integration te hnique beyond u-substitution or integration by parts. A
omputer i on an mean anything from This requires an integral that you an do on your al ulator
to This involves heavy use of a omputer algebra program su h as Mathemati a, MATLAB, or
Maple. The problems are written in a platform-independent way, and we provide no instru tion on
any of these omputer tools in parti ular.
Chapter Order and Dependen ies

One of the unusual things about Math Methods, as a ourse, is that it overs a broad variety of loosely
(if at all) related topi s. It an be taught as a sophomore level ourse with only two semesters of
al ulus as a prerequisite (so half the ourse be omes an introdu tion to multivariate al ulus), or
it an be taught as a rst-year graduate-level ourse, or anything in between. It is taught in physi s
departments, engineering departments, e onomi s departments, and o asionally math departments.
All those different ourses over different topi s.
So the textbook be omes what Stuart Johnson, our rst editor at Wiley, alled a Chinese menu.
You look it over and you de ide you want this hapter, that hapter, skip three and pi k up this one,
and so on.
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For this reason, we have endeavored as mu h as possible to make the hapters independent of
ea h other. You don't need our ve tor al ulus hapter to over our linear algebra hapter, or vi e
versa. Referen es from one se tion to another within a hapter are ommon; referen es from one
hapter to another are rare.
That being said, there are ex eptions. Most importantly, pretty mu h every hapter in the book
relies on the information presented in Chapter 1, Introdu tion to Ordinary Differential Equations.
The information is minimal: most of the te hniques for solving ODEs are deferred to later hapters.
But the students have to know what a differential equation is, whether they get it from our hapter
or somewhere else. If you are not sure your students ome into the ourse highly omfortable with
this material, please start with this hapter before doing anything else. If you want to give it the
most minimal treatment possibly, you an get away with doing the three se tions Overview of
Differential Equations, Arbitrary Constants, and Guess and Che k, and Linear Superposition
only. We believe strongly, however, that it is worth your lass time to do more.
Beyond that, the rst page of every hapter lists prerequisites. You should be able to use that to
make sure your students are ready for any given hapter.
Last Word: Communi ating Priorities
to Students

Here is an experien e that took me (Kenny) quite by surprise. I assigned the following problem. Write
2
the Ma laurin series expansion of e−x ; then use the rst ve terms of that series to approximate
1

∫
0

e

−x 2

dx. Many students ame ba k saying I had no trouble nding the Ma laurin series, but I

didn't understand what you were asking me to do with it.
Just in ase you're staring at that senten e with the same dumbstru k look I probably had, I want
to stress that these were not weak students, and they did know how to integrate a polynomial.
And here's my point. We don't just want our students to learn methods; we want them to understand
why those methods work, to view those methods in a larger mathemati al ontext, and to be able to
apply those methods to physi al problems. But students don't develop those skills by being told You
should be able to think for yourself. They develop those skills, just like any others, with pra ti e
and feedba k. This is parti ularly relevant for Math Methods, where the skill and the appli ation
may be separated by semesters or years. (What do you mean, quantum me hani s students, you've
never heard of a Fourier series? Didn't you take Math Methods?)
Everything in our book is stru tured to give your students that pra ti e. A dis overy exer ise
says Don't just listen to me le ture about this; gure it out for yourself. A walk-through says
Let me help you with that important pro ess. The problem after the walk-through, or the later
problems in the se tion, often say Let's think more deeply about that result or Let's see where
that ame from or Let's apply that te hnique to a ir uit. If the explanation stepped through a
parti ularly important derivation that you want your students to understand, there are almost ertain to
be some problems designed to make sure students followed the derivation. Give your students enough
problems to master spe i skillsevaluating a line integral, separating variables in a PDE, nding
the oef ients in a Fourier seriesbut assign deeper problems in areas where you want deeper
understanding.
Here is a spe i example. In the se tion on Legendre polynomials in the spe ial fun tions
hapter, one problem steps the students through the solution of Hermite's differential equation. If
you just want your students to be able to work with Legendre polynomials, you an ertainly skip
that problem. But if you want your students to follow the derivation of the Legendre polynomials,
that problem will for e them through every step of the pro ess.
That brings up the more general topi of proofs. It's very rare for our book to prove a theorem
before we use it. Mu h more ommonly we present a theorem, show students how to use it, and then
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step them through the proof in a problem. The explanation will usually point to that problem with
language su h as You'll show that this always works in Problem 14. In some ases the problem
doesn't prove the theorem, but has the students show that it works for some important ases.
There are two reasons for this unusual stru ture. First, we believe students follow a
proof better after they understand the result that is being proven. Se ond, we believe very
strongly that students follow a proof better if they work through it themselves instead of just
reading it.
One of the judgment alls you will have to make, therefore, is whi h of these proof problems to
assign. Our own opinion on this matter, for whatever that's worth, is that the importan e of a proof is
not based on the importan e of the result it proves, but on the te hnique that the proof demonstrates.
It's tremendously important for all students to know that the derivative of sin x is os x , but very few
students an prove itand that's OK. On the other hand, the proof that an =

1

L

L

∫ f (x ) os

−L

(

n𝜋
x dx
L

)

in a Fourier series involves an important tri k that tea hes students what orthogonal fun tions are
and how to nd the oef ients of many other su h series, so it's worth some investment of lass
and homework time.
The Most Important Thing We Want to Tell You

Please see http://www.felderbooks. om for all the information you will nd in
this introdu tion, exer ises formatted for printing, additional problems for every hapter,
additional se tions in luding spe ial appli ations, answers to odd-numbered problems, and a lot
more.
A knowledgements

Of all the tasks involved in writing a textbook, the one that we most drasti ally underestimated is
writing solutions. We wanted to write the kind of detailed, arefully worked out solutions that we
like to give to our students when they need help. Multiply that by 3,000 problems and you have a
task that ould have held up publi ation by a year.
So we turned to some of the most talented people we knewour best urrent and former students. They stepped up and put in ountless hours writing the solutions. (We read
and edited all their solutions, so if you see a mistake, it's still our fault.) Along the way
they be ame experts in both LaTeX and the mathemati al te hniques they were fo used on.
More importantly for us and for you, they provided the front line of feedba k on whi h
problems worked, whi h problems needed to be revised, and whi h problems needed to be
s rapped. Even if you never look at the solutions, the book you're holding is far better for their
dedi ated work.
∙
∙
∙
∙
∙
∙
∙
∙
∙
∙

Introdu tion to Ordinary Differential Equations: Olga Navros
Taylor Series and Series Convergen e: Szilvia Kiss
Complex Numbers: Olga Navros, Amanda (Stevie) Bergman
Partial Derivatives: Jonah Weigand-Whittier
Integrals in Two or More Dimensions: Mariel Meier
Linear Algebra I: Szilvia Kiss
Linear Algebra II: Szilvia Kiss
Ve tor Cal ulus: Meg Crenshaw
Methods of Solving Ordinary Differential Equations: Alison Grady
Cal ulus with Complex Numbers: Alison Grady

In addition, Kate Brenneman wrote omputer solutions for the series hapter.
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We an't possibly list all the other wonderful people who made valuable ontributions to this
book, but here are a few of the most important.
∙ Szilvia Kiss (yes, the same student who wrote solutions for three

∙

∙

∙

∙
∙
∙
∙
∙

hapters), Isabel Lipartito,
Emma Gould, Alison Grady, and Danika Luntz-Martin, all superstar students at Smith College,
worked through half the book as an independent study. (Alison spent a full year at it and did
the entire book.) They read the explanations, worked the exer ises, hose whi h problems to
do, and met with us weekly to go over questionsand to provide us feedba k. This was
helpful, but that was onfusing. I learned in hemistry lass about a great appli ation of this
topi . Every hapter bene ted from their time and initiative.
Professors Doreen Weinberger and Courtney Lannert at Smith College, Alexi Arango
at Mt. Holyoke, Christine Aidala at the University of Mi higan, Sean Bentley at
Adelphi University, and Henry Ri h at Raleigh Charter High S hool all hose our
book as their primary Math Methods text before the book was published. We sent them
PDFs, they printed out ourse-pa ks, and then they and their students provided us feedba k.
Be ause of their willingness to take that risk, the rst users of our printed book will not be
experimenting with untested material.
Doreen Weinberger, in addition to tea hing from the book, spent a great deal of time with
Gary providing detailed feedba k, suggesting additions or hanges in fo us, and des ribing
appli ations that made great problems.
Henry Ri h of Raleigh Charter High S hool also read through and provided feedba k on a
number of the hapters and se tions he didn't tea h from. He is also our guiding light of linear
algebra.
Barbara Soloman read through and provided feedba k on the rst draft of our rst hapter,
Introdu tion to Ordinary Differential Equations.
Brian Leaf sent Gary an email saying I know an editor at Wiley you should talk to, and thus
got this entire proje t started. To this day we're not sure if that wound up being a favor.
Dr. Steven Strogatz of Cornell gave us permission to use his wonderful Romeo and Juliet
oupled differential equations example.
Dr. Robert S ott at the University of Brest spent ountless hours proofreading. He found mistakes and suggested improvements that made many of our hapters better and more a urate.
Dr. Ri hard Feldera hemi al engineering professor, our father, and another proud Wiley
authorhas been with us through this pro ess in more ways than we an possibly name. He was
the one who said The rst hapter you write should be Partial Differential Equations. Then
he read through that hapter and offered suggestions su h as Give students an opportunity to
he k their answers during these Exer ises and Start ea h problem se tion with a problem
that walks the students through the pro ess you're modeling. This would be a very different
book without his guidan e.

The dedi ated team at Wiley worked tirelessly to bring this proje t out of Gary and Kenny's imaginations and into a physi al a tual you- an-hold-it-in-your-handsprinted book. We would parti ularly
like to thank Amanda Rillo and Kathyrn Han ox, Editorial Assistants; Jolene Ling and Joy e Poh,
Senior Produ tion Editors; Kristy Ruff and Christine Kushner, Marketing Managers; Krupa Muthu,
Proje t Manager; Stuart Johnson, our rst Exe utive Editor and the rst person at Wiley to believe in
this proje t; and Jessi a Fiorillo, who jumped in with both feet to repla e Stuart after his retirement.
Jess always had a smileyou ould hear it over the phoneand her we'll make it work attitude,
even when we threw weird requests at her, made the whole pro ess work.
Last, and always most, our wives. Rosemary M Naughton shared her expertise on typography
and LaTeX; Joy e Felder worked through problems on Fourier series. But far more important is the
support they provided during the three years that their husbands disappeared into our omputers.
Everything we do bears the mark of their time, support, talents, patien e and understanding.
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